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EXISTENCE AND CLASSIFICATION OF S1-INVARIANT FREE
BOUNDARY ANNULI AND MO¨BIUS BANDS IN Bn
AILANA FRASER AND PAM SARGENT
Abstract. We explicitly classify all S1-invariant free boundary minimal annuli and Mo¨bius
bands in Bn. This classification is obtained from an analysis of the spectrum of the Dirichlet-
to-Neumann map for S1-invariant metrics on the annulus and Mo¨bius band. First, we
determine the supremum of the k-th normalized Steklov eigenvalue among all S1-invariant
metrics on the Mo¨bius band for each k ≥ 1, and show that it is achieved by the induced
metric from a free boundary minimal embedding of the Mo¨bius band into B4 by k-th Steklov
eigenfunctions. We then show that the critical metrics of the normalized Steklov eigenvalues
on the space of S1-invariant metrics on the annulus and Mo¨bius band are the induced metrics
on explicit free boundary minimal annuli and Mo¨bius bands in B3 and B4, including some
new families of free boundary minimal annuli and Mo¨bius bands in B4. Finally, we prove
that these are the only S1-invariant free boundary minimal annuli and Mo¨bius bands in Bn.
1. Introduction
In this paper we explicitly classify all S1-invariant free boundary minimal annuli and
Mo¨bius bands in the unit ball Bn in Euclidean space. This classification is obtained from an
analysis of the Steklov spectrum for S1-invariant metrics on the annulus and Mo¨bius band.
The Steklov problem on surfaces with boundary is a natural and much studied eigenvalue
problem that has interesting connections to the free boundary problem for minimal surfaces
in Bn. A free boundary minimal surface in Bn is a minimal surface in Bn with boundary
contained in the boundary of the ball and meeting the boundary of the ball orthogonally.
Such surfaces arise variationally as critical points of the area among surfaces in the ball
whose boundaries lie on ∂Bn but are free to vary on ∂Bn. The simplest example is an
equatorial plane disk. Another explicit example is the critical catenoid, the unique piece
of a suitably scaled catenoid that defines a free boundary surface in B3. A. Fraser and R.
Schoen [FS3] established a connection between free boundary minimal surfaces in Bn and the
Steklov eigenvalue problem, and proved existence of an embedded free boundary minimal
surface in B3 of genus zero with any number of boundary components. Since then, further
new examples of free boundary minimal surfaces in the ball have been constructed using
gluing methods, equivariant min-max theory, and eigenvalue optimization ([FTY], [FPZ],
[Ke], [KL], [KW]). The general question of whether there exists a free boundary minimal
surface in B3 of any given topological type, or how many distinct free boundary minimal
surfaces in Bn of a given topological type there are, remains open.
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Though we have a number of existence results for free boundary minimal surfaces in Bn,
explicit constructions are less common. In this paper we show that the critical metrics of
the Steklov eigenvalues on the space of S1-invariant metrics on the annulus and Mo¨bius
band with normalized boundary length are the induced metrics on explicit families of free
boundary minimal annuli and Mo¨bius bands in B3 and B4, including some new families of
free boundary minimal annuli and Mo¨bius bands in B4. Moreover, we prove that these are
the only S1-invariant free boundary minimal annuli and Mo¨bius bands in Bn. We say that
a free boundary minimal annulus or Mo¨bius band is S1-invariant if the induced metric is
S1-invariant. Our proof involves showing that the induced metric on any S1-invariant free
boundary annulus or Mo¨bius band in Bn is critical for some normalized Steklov eigenvalue on
the space of S1-invariant metrics. The explicit classification of all S1-invariant free boundary
minimal annuli and Mo¨bius bands in Bn then follows.
If (M, g) is a compact Riemannian surface with boundary, a function u on M is a Steklov
eigenfunction with eigenvalue σ if: {
∆gu = 0 on M
∂u
∂η
= σu on ∂M,
where η is the outward unit normal vector to ∂M . Steklov eigenvalues are eigenvalues of the
Dirichlet-to-Neumann operator, which maps a given function on the boundary to the normal
derivative of its harmonic extension to the interior. The Steklov spectrum is discrete and
the eigenvalues form a sequence
0 = σ0 < σ1 ≤ σ2 ≤ . . . ≤ σk ≤ . . .→∞.
In 1954, R. Weinstock [W] proved that if D is a simply connected surface then for any
metric g on D, σ1(D, g)Lg(∂D) ≤ 2π, with equality if and only if (D, g) is σ-homothetic (see
Definition 2.1) to a Euclidean round disk. In 1975 J. Hersch, L. Payne, and M. Schiffer [HPS]
generalized Weinstock’s theorem to higher eigenvalues showing that σk(D, g)Lg(∂D) ≤ 2πk,
for any k ≥ 1. In 2008 A. Girouard and I. Polterovich [GP] proved that this upper bound
is sharp for each k, and is attained in the limit by a sequence of domains degenerating to
a union of k disjoint identical round disks, but for k = 2 the upper bound is not achieved.
Recently A. Fraser and R. Schoen [FS4] proved that the upper bound is not achieved for any
k ≥ 2. We note that there is a very similar picture in the case of the Laplace eigenvalues of
a simply connected closed surface. In 1970, J. Hersch [H] proved that for any smooth metric
g on the sphere we have λ1(S
2, g)Ag(S
2) ≤ 8π, with equality if and only if g is a constant
curvature metric. M. Karpukhin, N. Nadirashvili, A. Penskoi and I. Polterovich [KNPP]
recently proved a sharp upper bound λk(S
2, g)Ag(S
2) ≤ 8πk for every k ≥ 1, and showed
that for k ≥ 2 the upper bound is not achieved (see also [Ka], [N], [P], [NS]).
In general, as far as we are aware, there are no surfaces for which maximizing metrics for
higher eigenvalues are known to exist. In Section 3 we consider the maximization problem
on surfaces with boundary when one imposes certain symmetries. Specifically we consider
S1-invariant metrics on the Mo¨bius band. The case of rotationally symmetric metrics on
the annulus has been studied by A. Fraser and R. Schoen [FS1] and X.-Q. Fan, L. F. Tam
and G. Yu [FTY]. In [FTY] they determined the supremum of the k-th nonzero normalized
Steklov eigenvalue over all rotationally symmetric metrics on the annulus and showed that
the supremum is achieved for all k > 2, but that the second nonzero normalized Steklov
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eigenvalue is not achieved. In Section 3 we show that the supremum σS
1
k of the k-th normal-
ized Steklov eigenvalue among S1-invariant metrics on the Mo¨bius band is achieved for all
k ≥ 1. This extends [FS3, Proposition 7.1] to k > 1.
Theorem 1.1. For all k ≥ 1,
σS
1
2k−1 = σ
S1
2k = 4πk tanh(2kTk,1)
and the supremum is uniquely (up to σ-homothety) achieved by the induced metric on the free
boundary minimal Mo¨bius band in B4 given by the embedding u : [−Tk,1, Tk,1]×S1/ ∼ → B4
with
u(t, θ) =
1
Rk
(2k sinh(t) cos(θ), 2k sinh(t) sin(θ), cosh(2kt) cos(2kθ), cosh(2kt) sin(2kθ))
where Tk,1 is the unique positive solution of 2k tanh(2kt) = coth(t) and
Rk =
√
4k2 sinh2(Tk,1) + cosh
2(2kTk,1).
Thus, although there are no surfaces for which maximizing metrics for higher eigenvalues
among all smooth metrics are known the exist, maximizing metrics for higher eigenvalues
among S1-invariant metrics on the annulus and Mo¨bius band do exist, except for the second
normalized eigenvalue on the annulus. It is natural to then ask what happens for non-
invariant metrics on the annulus and Mo¨bius band. For the first nonzero normalized Steklov
eigenvalue, A. Fraser and R. Schoen [FS3] proved that the supremum among all smooth
metrics is the same as the supremum among S1-invariant metrics on both the annulus and
Mo¨bius band, and is achieved by the critical catenoid and the critical Mo¨bius band, respec-
tively. On the other hand, for the higher eigenvalues, it is shown in [FS4] that for k ≥ 2
the supremum of the k-th normalized Steklov eigenvalue over all metrics on the Mo¨bius
band (or respectively, annulus) is strictly bigger than the supremum over S1-invariant met-
rics on the Mo¨bius band (or respectively, annulus) [FS4, Theorem 5.2]. Thus, for higher
eigenvalues, we see that we get rather different results when we impose symmetry. When
maximizing the second normalized eigenvalue among S1-invariant metrics on the annulus,
the conformal structure degenerates into two disks. In particular, the symmetry assumption
does not prevent this type of degeneration from occurring. However other types of degenera-
tions, as discussed in [FS4], cannot occur under the S1 symmetry assumption. These results
show that imposing symmetry prevents certain types of degenerations from occurring when
maximizing higher eigenvalues.
In Section 4 we consider more generally the critical metrics of the Steklov eigenvalues
among S1-invariant metrics on the Mo¨bius band and show that the critical metrics are the
induced metrics on explicit free boundary minimal Mo¨bius bands in B4 embedded by Steklov
eigenfunctions. In particular, we obtain existence of a new explicit family of embedded free
boundary minimal Mo¨bius bands in B4.
Theorem 1.2. The critical metrics of the normalized Steklov eigenvalues on the space of
S1-invariant metrics on the Mo¨bius band are (up to σ-homothety) the induced metrics on the
embedded free boundary minimal Mo¨bius bands in B4 given explicitly by u : [−tm,n, tm,n] ×
S1/ ∼ → B4 with u(t, θ) =
1
rm,n
(m sinh(nt) cos(nθ), m sinh(nt) sin(nθ), n cosh(mt) cos(mθ), n cosh(mt) sin(mθ))
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for each m even and n odd with m > n, where tm,n is the unique positive solution of
m tanh(mt) = n coth(nt) and rm,n =
√
m2 sinh2(ntm,n) + n2 cosh
2(mtm,n).
Interestingly, these free boundary minimal Mo¨bius bands are the restrictions to B4, meeting
the boundary of the ball orthogonally, of complete noncompact embeddings of the Mo¨bius
band R × S1/ ∼ into R4 of P. Mira [M] and M. E. de Oliveira [D]. For any m > n with
m, n ∈ N, these also give free boundary minimal immersions of the annulus into B4 that
are critical for higher eigenvalues among rotationally symmetric metrics on the annulus (see
Theorem 4.2 in section 4).
In Section 5 we prove that the induced metric on any S1-invariant free boundary minimal
annulus or Mo¨bius band in Bn is critical for some normalized Steklov eigenvalue on the space
of S1-invariant metrics on the annulus or Mo¨bius band. This allows us to explicitly classify
all S1-invariant free boundary minimal annuli and Mo¨bius bands in Bn.
Theorem 1.3. The only S1-invariant free boundary minimal annuli and Mo¨bius bands in
Bn are those given explicitly in Theorem 1.2 and Theorem 4.2.
Acknowledgements. The authors would like to thank R. Schoen and Martin Li for helpful
discussions and for their interest in this work.
2. Preliminaries and results for the disk and annulus
LetM be a compact surface with boundary. First we recall the variational characterization
of the Steklov eigenvalues:
σk = inf
{∫
M
|∇u|2dvM∫
∂M
u2dv∂M
:
∫
∂M
uuj = 0 for j = 0, 1, 2, . . . , k − 1.
}
,
where uj is an eigenfunction corresponding to the eigenvalue σj , for j = 1, 2, . . . , k − 1. If
we scale a metric g on M by a factor c > 0, then
σk(cg) =
1√
c
σk(g).
Because of this scaling property, maximizing σk(g) among metrics g with fixed boundary
length Lg(∂M) is equivalent to maximizing the (scale invariant) normalized eigenvalues
σ¯k(g) := σk(g)Lg(∂M)
over all metrics.
Definition 2.1. We say that two surfaces (M1, g1) and (M2, g2) are σ-homothetic if there is
a conformal diffeomorphism ϕ : (M1, g1)→ (M2, g2) such that the pullback metric ϕ∗(g2) =
λ2g1 with λ constant on ∂M1.
It is clear from the variational charactization of the eigenvalues that if two surfaces are
σ-homothetic then the normalized eigenvalues σ¯k(Mj, gj) coincide for j = 1, 2 and for all k.
In particular, we can only hope to characterize surfaces up to σ-homothety by conditions on
the Steklov spectrum.
As discussed in Section 1, the Euclidean round disk maximizes the first nonzero normalized
Steklov eigenvalue σ¯1 among all smooth metrics on the disk [W]. For the higher Steklov
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eigenvalues, for each k ≥ 1 there is a sharp upper bound on σ¯k(g) for any smooth metric g
on the disk ([HPS], [GP]), but the upper bound is not achieved for any k ≥ 2 ([GP], [FS4]).
For surfaces with boundary, the next natural case to consider after the disk is the annulus.
For the first normalized Steklov eigenvalue on the annulus, A. Fraser and R. Schoen [FS3,
Theorem 6.7] proved existence of a maximizing metric and a sharp upper bound:
Theorem 2.2 ([FS3]). For any metric g on the annulus M we have
σ1(g)Lg(∂M) ≤ (σ1L)cc ≈ 4π/1.2
with equality if and only if (M, g) is σ-homothetic to the critical catenoid.
The critical catenoid is the unique portion of a suitably scaled catenoid centered at the
origin inside the unit ball, that meets the boundary of the ball orthogonally. The explicit
characterization of the maximizing metric in Theorem 2.2 follows from a minimal surface
uniqueness theorem, characterizing the critical catenoid as the unique free boundary im-
mersion of the annulus into Bn by first Steklov eigenfunctions. The main argument in the
proof of this characterization involves showing that such a surface must be S1-invariant. The
S1-invariant case is analyzed in detail in [FS1, Section 3], where it is shown that the induced
metric on the critical catenoid maximizes the first normalized Steklov eigenvalue among all
rotationally symmetric metrics on the annulus.
X.-Q. Fan, L. F. Tam and G. Yu [FTY] extended the analysis of rotationally symmet-
ric metrics on the annulus and determined the supremum of the k-th nonzero normalized
Steklov eigenvalue over all rotationally symmetric metrics on the annulus and showed that
the supremum is achieved for all k > 2, but that the second nonzero normalized Steklov
eigenvalue is not be achieved.
Theorem 2.3 ([FTY]). Let σS
1
k be the supremum of k-th normalized Steklov eigenvalue
among all S1-invariant metrics on the annulus. Then,
(i) σS
1
2 = 4π. Moreover, σ¯2(gT ) → 4π as T → ∞, where gT = dt2 + dθ2 on the cylinder
[0, T ]× S1, and the supremum 4π is not achieved.
(ii) σS
1
2k−1 = 4kπ/t1,0 for all k ≥ 1, where t1,0 is the unique positive solution of tanh t = 1/t,
and is achieved by the induced metric on the k-critical catenoid u : [−t1,0/k, t1,0/k]×S1 → B3
u(t, θ) =
1
r1,0
(cosh(kt) cos(kθ), cosh(kt) sin(kθ), kt)
where r1,0 =
√
t21,0 + cosh
2 t1,0.
(iii) σS
1
2k = 4kπ tanh(ktk,1/2) for k > 1, where tk,1 is the unique positive solution of
k tanh(kt) = coth(t), and is achieved by the induced metric from the free boundary minimal
immersion given by u : [−tk,1, tk,1]× S1 → B4
u(t, θ) =
1
rk,1
(k sinh(t) cos(θ), k sinh(t) sin(θ), cosh(kt) cos(kθ), cosh(kt) sin(kθ))
where rk,1 =
√
k2 sinh2(tk,1) + cosh
2(ktk,1).
Notice that in (iii), u(t, θ) = u(−t, θ + π) and so the image surface is a free boundary
minimal Mo¨bius band in B4. As we will see in the next section, these free boundary minimal
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Mo¨bius bands are maximizers for the Steklov eigenvalues on the space of S1-invariant metrics
on the Mo¨bius band.
3. Maximizing metrics on the Mo¨bius band
In [FS3], A. Fraser and R. Schoen proved existence of a metric that maximizes the first
nonzero normalized Steklov eigenvalue among all smooth metrics on the Mo¨bius band. More-
over, they explicitly characterized the maximizing metric as the induced metric from a proper
free boundary minimal embedding of the Mo¨bius band into B4 by first Steklov eigenfunctions,
and obtained a sharp upper bound for the first eigenvalue ([FS3, Theorem 7.5]):
Theorem 3.1 ([FS3]). For any metric g on the Mo¨bius band M we have
σ1(g)Lg(∂M) ≤ (σ1L)cmb = 2π
√
3
with equality with equality if and only if (M, g) is σ-homothetic to the critical Mo¨bius band.
As in the case of the annulus, the explicit characterization of the maximizing metric
follows from a minimal surface uniqueness theorem, characterizing the “critical Mo¨bius band”
(defined in Proposition 3.2) as the unique free boundary immersion of the Mo¨bius band into
Bn by first Steklov eigenfunctions. The main argument in the proof of this characterization
involves showing that such a surface must be S1-invariant. The S1-invariant case is analyzed
in detail in [FS3, Proposition 7.1]:
Proposition 3.2 ([FS3]). There is a minimal embedding of the Mo¨bius band R × S1/ ∼,
with the identification (t, θ) ∼ (−t, θ + π), into R4 given by
u(t, θ) = (2 sinh(t) cos(θ), 2 sinh(t) sin(θ), cosh(2t) cos(2θ), cosh(2t) sin(2θ)).
For a unique choice of T the restriction of ϕ to [−T, T ] × S1 defines a proper embedding
into a ball by first Steklov eigenfunctions. We may rescale the radius of the ball to 1 to get
the critical Mo¨bius band. Explicitly T is the unique positive solution of 2 tanh 2t = coth t.
Moreover, the maximum of σ1L over all S
1-invariant metrics on the Mo¨bius band is 2π
√
3
and is uniquely achieved (up to conformal changes of the metric that are constant on the
boundary) by the critical Mo¨bius band.
In this section, we extend the analysis of S1-invariant metrics on the Mo¨bius band of
[FS3] and consider the problem of maximizing the k-th normalized Steklov eigenvalue on
the Mo¨bius band over all S1-invariant metrics. We show that this problem is solvable for
all k, i.e. for each k, among all S1-invariant metrics on the Mo¨bius band, there is a metric
that maximizes the k-th normalized Steklov eigenvalue and it is achieved by a free boundary
minimal Mo¨bius band in B4. This is in contrast to the case of the annulus, where the
supremum of the second normalized eigenvalue is not achieved [FTY].
Any Riemannian Mo¨bius band is conformal to MT := [−T, T ] × S1/ ∼ for some T > 0,
where (t, θ) ∼ (t′, θ′) if t′ = −t and θ′ = θ + π, with the flat metric dt2 + dθ2. We refer to
T as the conformal modulus of the Mo¨bius band. We consider S1-invariant metrics on the
Mo¨bius band; that is, conformal metrics on MT , of the form
g = f(t)2(dt2 + dθ2)
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where f : [−T, T ]→ R is a smooth function satisfying f(t) = f(−t). Our goal is to determine
the supremum, which we denote by σS
1
k , of the k-th nonzero normalized Steklov eigenvalue
among all S1-invariant metrics on the Mo¨bius band,
σS
1
k := sup
T>0
sup{σ¯k(g) : g = f 2(t)(dt2 + dθ2) on MT with f > 0, f(−t) = f(t)}.
First, we fix the conformal class T > 0 and an S1-invariant metric g = f(t)2(dt2+ dθ2) on
MT . The outward unit normal vector at a boundary point (T, θ) is given by η = f(T )
−1 ∂
∂t
.
A function u(t, θ) on MT satisfying u(t, θ) = u(−t, θ + π) is Steklov eigenfunction if it is a
harmonic function on MT such that uη = σu on ∂MT for some σ ≥ 0. Notice that u(t, θ)
is harmonic with respect to g = f(t)2(dt2 + dθ2) if it is harmonic with respect to the flat
metric dt2 + dθ2, and thus satisfies the equation utt + uθθ = 0. We may use the method of
separation of variables to get u(t, θ) = α(t)β(θ), with α(t) = α(−t) and β(θ) = β(θ+π) and
α′′(t)
α(t)
= −β
′′(θ)
β(θ)
= k2.
We obtain solutions u(t, θ) for each nonnegative integer k given by linear combinations of
sinh(kt) sin(kθ) and sinh(kt) cos(kθ) when n is odd, and cosh(kt) sin(kθ) and cosh(kt) cos(kθ)
when k is even. For k = 0 the solutions are constants.
In order to be a Steklov eigenfunction we must have uη = σu on the boundary, or
f(T )−1ut = σu at the boundary point (T, θ). For k = 0 we have u(t, θ) = a, a constant, and
σ = 0. For k ≥ 1 odd the eigenfunctions have α(t) = a sinh(kt) and the condition is
kf(T )−1 cosh(kT ) = σ sinh(kT ).
Therefore, σ = kf(T )−1 coth(kT ). For k ≥ 1 even the eigenfunctions have α(t) = a cosh(kt)
and the condition is
kf(T )−1 sinh(kT ) = σ cosh(kT ).
Therefore, σ = kf(T )−1 tanh(kT ).
Thus, the nonzero Steklov eigenvalues are
λk =
2k
f(T )
tanh(2kT ), and µk =
(2k − 1)
f(T )
coth((2k − 1)T ),
k = 1, 2, . . .. The length of the boundary is Lg(∂MT ) = 2πf(T ), and the normalized eigen-
values are
λ¯k = 4πk tanh(2kT ), and µ¯k = 2π(2k − 1) coth((2k − 1)T ),
k = 1, 2, . . .. Notice that in each conformal class of metrics on the Mo¨bius band (i.e. for
each T > 0), the normalized eigenvalues λ¯k and µ¯k are constant on the space of S
1-invariant
metrics in that conformal class (i.e. independent of f). We let σ¯k(T ) denote the k-th
normalized Steklov eigenvalue of any S1-invariant metric on MT . Then, the supremum of
the k-th nonzero normalized Steklov eigenvalue among all S1-invariant metrics on the Mo¨bius
band is
σS
1
k = sup
T>0
σ¯k(T ).
In order to determine σS
1
k and prove Theorem 1.1 and Theorem 1.2 we will now prove a
series of lemmas.
Lemma 3.3. Let k, l ≥ 1. Then
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(i) λ¯k < λ¯k+1, µ¯l < µ¯l+1. Furthermore, λ¯n < µ¯n+1 for n ≥ 1, and each λ¯k and µ¯l has
multiplicity 2.
(ii) λ¯k(T ) is monotone increasing in T and µ¯l(T ) is monotone decreasing in T .
(iii) λ¯k(∞) := lim
T→∞
λ¯k(T ) = 4πk and µ¯l(∞) := lim
T→∞
µ¯l(T ) = 2π(2l− 1).
Proof. First, (i) and (iii) are clear by direct calculation. Now, (ii) follows from the fact that
dλ¯k
dT
= 8πk2sech2(2kT ) > 0 and
dµ¯l
dT
= −2π(2l − 1)2csch2((2l − 1)T ) < 0.

Lemma 3.4. There exists T > 0 such that λ¯k(T ) = µ¯l(T ) if and only if l ≤ k. Moreover, T
is unique if it exists.
Proof. Let Fk,l(T ) = λ¯k(T ) − µ¯l(T ) = 2π (2k tanh(2kT )− (2l − 1) coth ((2l − 1)T )). Then
Fk,l(T ) is continuous on (0,∞) and
lim
T→0
Fk,l(T ) = −∞ and lim
T→∞
Fk,l(T ) = 2π(2k − (2l − 1)).
Thus lim
T→∞
Fk,l(T ) > 0 if and only if l ≤ k. Furthermore, Fk,l(T ) is monotone increasing on
(0,∞) since λ¯k(T ) is monotone increasing and µ¯l(T ) is monotone decreasing. Hence there
exists a unique T > 0 for which λ¯k(T ) = µ¯l(T ) if and only if l ≤ k. 
Definition 3.5. For l ≤ k let Tk,l be the unique positive number such that
λ¯k(Tk,l) = µ¯l(Tk,l).
Lemma 3.6. For l ≤ k, Tk,l is decreasing in k and increasing in l.
Proof. Since λ¯k(T ) < λ¯k+1(T ), we have that
µ¯l(Tk,l) = λ¯k(Tk,l) < λ¯k+1(Tk,l).
Hence, Fk+1,l(Tk,l) > 0, where Fk,l is as in the proof of Lemma 3.4, and, again,
lim
T→0
Fk+1,l(T ) = −∞.
Hence Tk+1,l < Tk,l. Similarly, if l + 1 ≤ k,
λ¯k(Tk,l) = µ¯l(Tk,l) < µ¯l+1(Tk,l),
and so Fk,l+1(Tk,l) < 0. Since lim
t→∞
Fk,l+1(T ) > 0, it follows that Tk,l < Tk,l+1. 
For fixed k > 0, let s = ⌊k
2
⌋. By Lemma 3.6, we see that we can decompose [0,∞) as
[0,∞) =
s⋃
j=0
(
[Tk−j,j, Tk−j,j+1) ∪ [Tk−j,j+1, Tk−j−1,j+1)
)
,
where we define Tk,0 = 0 and Tk,l =∞ if k < l.
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Lemma 3.7. For k ≥ 1,
σ¯2k−1(T ) = σ¯2k(T )
=


λ¯k−j(T ) ≤ λ¯k−j(Tk−j,j+1) if T ∈ [Tk−j,j, Tk−j,j+1), 0 ≤ j ≤ s
µ¯j+1(T ) ≤ λ¯k−j(Tk−j,j+1) if T ∈ [Tk−j,j+1, Tk−j−1,j+1), 0 ≤ j ≤ s
λ¯k/2(T ) ≤ λ¯k/2(∞) if T ∈ [Tk−s,s,∞), s = k2 , k even
µ¯(k+1)/2(T ) ≤ λ¯(k+1)/2(T(k+1)/2,(k+1)/2) if T ∈ [Tk−s,s+1,∞), s = k−12 , k odd
.
Proof. We prove the result by induction on j. First consider the case when j = 0 and suppose
T ∈ (0, Tk,1). Then, since λ¯k(T ) is increasing in T and µ¯1(T ) is decreasing in T by Lemma
3.3, we have that
λ¯1(T ) < λ¯2(T ) < · · · < λ¯k(T ) < λ¯k(Tk,1) = µ¯1(Tk,1) < µ¯1(T ) < µ¯2(T ) < · · · .
Since each λ¯n(T ) has multiplicity two, σ¯2k−1(T ) = σ¯2k(T ) = λ¯k(T ) < λ¯k(Tk,1). Now suppose
j = 0 and T ∈ [Tk,1, Tk−1,1). Then,
λ¯1(T ) < · · · < λ¯k−1(T ) < λ¯k−1(Tk−1,1) = µ¯1(Tk−1,1) < µ¯1(T ) ≤ µ¯1(Tk,1) = λ¯k(Tk,1) < λ¯k(T ).
Since µ¯1(T ) and each λ¯n(T ) have multiplicity two, σ¯2k−1(T ) = σ¯2k(T ) = µ¯1(T ) ≤ µ¯1(Tk,1) =
λ¯k(Tk,1).
For 1 ≤ j < s, assuming the result holds for j − 1, we show that it holds for j. First
suppose T ∈ [Tk−j,j, Tk−j,j+1). By the induction hypothesis, σ¯2k−1(T ) = σ¯2k(T ) = µ¯j(T )
for T ∈ [Tk−j+1,j, Tk−j,j), and σ¯2k−1(Tk−j,j) = σ¯2k(Tk−j,j) = µ¯j(Tk−j,j) = λ¯k−j(Tk−j,j). Since
µ¯j(T ) is monotone decreasing in T , λ¯k−j(T ) is monotone increasing in T , and each has
multiplicity two, we must have σ¯2k−1(T ) = σ¯2k(T ) = λ¯k−j(T ) for T ∈ [Tk−j,j, Tk−j,j + ε) for
some ε > 0. Since for T ∈ (Tk−j,j, Tk−j,j+1),
λ¯k−j(T ) < λ¯k−j(Tk−j,j+1) = µ¯j+1(Tk−j,j+1) < µ¯j+1(T )
it follows that σ¯2k−1(T ) = σ¯2k(T ) = λ¯k−j(T ) < λ¯k−j(Tk−j,j+1) for all T ∈ [Tk−j,j, Tk−j,j+1).
Now suppose T ∈ [Tk−j,j+1, Tk−j−1,j+1). Since
σ¯2k−1(Tk−j,j+1) = σ¯2k(Tk−j,j+1) = λ¯k−j(Tk−j,j+1) = µ¯j+1(Tk−j,j+1),
λ¯k−j(T ) is monotone increasing in T , µ¯j+1(T ) is monotone decreasing in T , and each has
multiplicity two, we must have σ¯2k−1(T ) = σ¯2k(T ) = µ¯j+1(T ) for T ∈ [Tk−j,j+1, Tk−j,j+1 + ε)
for some ε > 0. Since for T ∈ (Tk−j,j+1, Tk−j−1,j+1),
µ¯j+1(T ) > µ¯j+1(Tk−j−1,j+1) = λ¯k−j−1(Tk−j−1,j+1) > λ¯k−j−1(T )
it follows that σ¯2k−1(T ) = σ¯2k(T ) = µ¯j+1(T ) ≤ λ¯k−j(Tk−j,j+1) for all T ∈ [Tk−j,j+1, Tk−j−1,j+1).
For j = s and k even, we have s = k/2, and [Tk−j,j, Tk−j,j+1) = [Tk−s,s,∞) = [Tk/2,k/2,∞).
From above, we know that σ¯2k−1(T ) = σ¯2k(T ) = µ¯s(T ) for T ∈ [Tk−s+1,s, Tk−s,s). Since
σ¯2k−1(Tk−s,s) = σ¯2k(Tk−s,s) = µ¯s(Tk−s,s) = λ¯k−s(Tk−s,s), µ¯s(T ) is monotone decreasing in T ,
λ¯k−s(T ) is monotone increasing in T , and each has multiplicity two, we must have σ¯2k−1(T ) =
σ¯2k(T ) = λ¯k−s(T ) for T ∈ [Tk−s,s, Tk−s,s + ε) for some ε > 0. Since for T ∈ (Tk−s,s,∞),
λ¯k−s(T ) < λ¯k−s(∞) = 4π(k − s) < 2π(2(s+ 1)− 1) = µ¯s+1(∞) < µ¯s+1(T )
it follows that σ¯2k−1(T ) = σ¯2k(T ) = λ¯k−s(T ) = λ¯k/2(T ) < λ¯k/2(∞) for all T ∈ [Tk−s,s,∞).
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For j = s and k odd, we have s = (k − 1)/2. First suppose T ∈ [Tk−s,s, Tk−s,s+1). By
the induction argument above with j = s it follows that σ¯2k−1(T ) = σ¯2k(T ) = λ¯k−s(T ) <
λ¯k−s(Tk−s,s+1) for T ∈ [Tk−s,s, Tk−s,s+1). Now suppose
T ∈ [Tk−s,s+1, Tk−s−1,s+1) = [T(k+1)/2,(k+1)/2,∞).
Since σ¯2k−1(Tk−j,j+1) = σ¯2k(Tk−j,j+1) = λ¯k−s(Tk−s,s+1) = µ¯s+1(Tk−s,s+1), λ¯k−s(T ) is monotone
increasing in T , µ¯s+1(T ) is monotone decreasing in T , and each has multiplicity two, we must
have σ¯2k−1(T ) = σ¯2k(T ) = µ¯s+1(T ) for T ∈ [Tk−s,s+1, Tk−s,s+1 + ε) for some ε > 0. Since for
T ∈ (Tk−s,s+1, Tk−s−1,s+1),
µ¯s+1(T ) > µ¯s+1(∞) = 2π(2(s+ 1)− 1) > 4π(k − s− 1) = λ¯k−s−1(∞) > λ¯k−s−1(T )
it follows that σ¯2k−1(T ) = σ¯2k(T ) = µ¯s+1(T ) = µ¯(k+1)/2(T ) ≤ λ¯(k+1)/2(T(k+1)/2,(k+1)/2) for all
T ∈ [T(k+1)/2,(k+1)/2,∞). 
Lemma 3.8. Let
f(t) = sinh(t) cosh(t)− t and g(t) = sinh(t) cosh(t)− t
t2
.
Then f(t) > 0 and g′(t) > 0 for all t > 0.
Proof. We have that
f ′(t) = cosh2(t) + sinh2(t)− 1
= 2 sinh2(t)
which is positive for t > 0. Since f(0) = 0, it follows that f(t) > 0 for t > 0.
Now
g′(t) =
f ′(t)t2 − 2tf(t)
t4
=
2t(sinh2(t) + 1)− 2 sinh(t) cosh(t)
t3
=
2t cosh2(t)− 2 sinh(t) cosh(t)
t3
=
2 cosh(t) (t cosh(t)− sinh(t))
t3
.
Let h(t) = t cosh(t) − sinh(t). Then h(0) = 0 and h′(t) = t sinh(t) > 0 for t > 0, and so
f(t) > 0 for t > 0. It follows that g′(t) > 0 for t > 0. 
Lemma 3.9. Let x(a, b) be the unique positive solution of
a tanh(ax) = b coth(bx)
for a ≥ b > 0. Let
u(a, b) = a tanh(ax(a, b)).
Then u(a, b) < u(a+ c, b− c) for a ≥ b > c > 0.
Proof. Differentiating the first equation with respect to a yields
tanh(ax) + asech2(ax)
(
x+ a
∂x
∂a
)
= −b2csch2(bx) · ∂x
∂a
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and so
∂x
∂a
=
− tanh(ax)− axsech2(ax)
a2sech2(ax) + b2csch2(bx)
< 0.
Similarly,
∂x
∂b
=
coth(bx)− bxcsch2(bx)
a2sech2(ax) + b2csch2(bx)
=
sinh(bx) cosh(bx)− bx
sinh2(bx)(a2sech2(ax) + b2csch2(bx))
> 0,
where we have used Lemma 3.8 to conclude its sign.
Now, since u(a, b) = b coth(bx(a, b)) and ∂x
∂a
< 0,
∂u
∂a
= −b2csch2(bx) · ∂x
∂a
> 0.
Similarly,
∂u
∂b
= a2sech2(ax) · ∂x
∂b
> 0.
Hence, (
∂u
∂a
)(
∂u
∂b
) = b2(sinh(ax) cosh(ax) + ax)
a2(sinh(bx) cosh(bx)− bx) >
b2(sinh(ax) cosh(ax)− ax)
a2(sinh(bx) cosh(bx)− bx) ≥ 1
by Lemma 3.8 since a ≥ b. Note that the inequality is strict when a > b. Thus, for
f(t) = u(a+ t, b− t),
f ′(t) =
∂u
∂a
− ∂u
∂b
,
and so f ′(t) > 0 for t > 0. Hence u(a, b) < u(a+ c, b− c) for a ≥ b > c > 0. 
Corollary 3.10. For k ≥ l > c > 0 we have that
λ¯k(Tk,l) < λ¯k+c(Tk+c,l−c).
Proof. By Lemma 3.9, for k ≥ l > c > 0 we have that u(2k, 2l− 1) < u(2k+2c, 2l− 1− 2c).
Hence λ¯k(Tk,l) < λ¯k+c(Tk+c,l−c). 
In particular, this tells us that
λ¯k−j+1(Tk−j+1,j) < λ¯k(Tk,1),
for 2 ≤ j < s and, when k is odd,
λ¯(k+1)/2(T(k+1)/2,(k+1)/2) < λ¯k(Tk,1).
So, when k is odd, by Lemma 3.7 we have that σ¯2k−1(T ) = σ¯2k(T ) ≤ λ¯k(Tk,1), and when k
is even, σ¯2k−1(T ) = σ¯2k(T ) ≤ max(λ¯k/2(∞), λ¯k(Tk,1)).
Lemma 3.11. For k ≥ 2 even,
λ¯k/2(∞) < λ¯k(Tk,1)
Proof. Let Tk be the unique positive number such that
2k tanh(2kTk) =
1
Tk
.
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Then tanh(2kTk) = 1/(2kTk) and so T1/2 = 2kTk. Also note that T1/2 is the unique positive
solution of T = cothT and T1/2 ≈ 1.2 < 2. Therefore,
(3.1) λ¯ k
2
(∞) = 4πk
2
<
4πk
T1/2
=
2π
Tk
= 4πk tanh(2kTk).
If f(T ) = tanhT , then f ′(T ) = sech2T and we have f ′(0) = 1 and f ′(T ) < 1 for T > 0.
Hence, tanhT < T , or equivalently 1/T < cothT , for T > 0. Arguing as in Lemma 3.4 and
Lemma 3.6, since λk(T ) = 4πk tanh(2kT ) is increasing in T , 1/T and cothT are decreasing
in T , and 1/T < cothT for T > 0, it follows that Tk < Tk,1. Using this in (3.1), since tanh
is increasing, we have that
λ¯ k
2
(∞) < 4πk tanh(2kTk) < 4πk tanh(2kTk,1) = λ¯k(Tk,1).

Using these results, we are now ready to prove Theorem 1.1. We first determine the
supremum σS
1
k of the k-th normalized Steklov eigenvalue among all S
1-invariant metrics on
the Mo¨bius band, σS
1
k = supT>0 σ¯k(T ), and show that we can always find an S
1-invariant
metric that achieves σS
1
k . We then use the eigenfunctions corresponding to these maximal
Steklov eigenvalues to construct embedded free boundary minimal Mo¨bius bands in B4.
Proof of Theorem 1.1. It follows directly from Lemma 3.7, Lemma 3.10 and Lemma 3.11
that for each k ≥ 1,
σS
1
2k−1 = σ
S1
2k = 4π tanh(2kTk,1),
and is attained precisely when T = Tk,1.
Consider u : [−Tk,1, Tk,1]× S1/ ∼ → R4 given by
u(t, θ) = (2k sinh(t) cos(θ), 2k sinh(t) sin(θ), cosh(2kt) cos(2kθ), cosh(2kt) sin(2kθ)) .
First observe that
|u(t, θ)|2 = 4k2 sinh2(t) + cosh2(2kt).
Suppose u(t, θ) = u(t′, θ′). Then |u(t, θ)|2 = |u(t′, θ′)|2, and if t 6= 0 the inverse function
theorem implies that t = t′. If t = 0 then we see immediately from the expression for u
that t′ = 0. In either case, t = t′, and the expression for u implies that cos θ = cos θ′ and
sin θ = sin θ′, so θ = θ′. Therefore, u is an embedding.
Since the component functions of u are Steklov eigenfunctions, they are harmonic func-
tions. Furthermore,
∂u
∂t
= (2k cosh(t) cos(θ), 2k cosh(t) sin(θ), 2k sinh(2kt) cos(kθ), k sinh(2kt) sin(2kθ)) ,
∂u
∂θ
= (−2k sinh(t) sin(θ), 2k sinh(t) cos(θ),−2k cosh(2kt) sin(kθ), 2k cosh(2kt) cos(2kθ)) .
It follows that
∂u
∂t
· ∂u
∂θ
= 0
and ∣∣∣∣∂u∂t
∣∣∣∣
2
= 4k2
(
cosh2(t) + sinh2(2kt)
)
= 4k2
(
sinh2(t) + cosh2(2kt)
)
=
∣∣∣∣∂u∂θ
∣∣∣∣
2
.
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Hence, u is also conformal. Therefore u is a minimal embedding. Moreover, |u| is constant
on ∂MTk,1 , equal to
Rk :=
√
4k2 sinh2(Tk,1) + cosh
2(2kTk,1).
It follows from the maximum principle that u defines a surface contained in a ball centred at
the origin of radius Rk, with boundary lying on the boundary of the ball. Furthermore, each
component function of u is a Steklov eigenfunction with eigenvalue 4π tanh(2kTk,1), and so
on ∂MTk,1 we have that
∂u
∂η
= 4π tanh(2kTk,1) u
is orthogonal to the boundary of the ball. Therefore, u(MTk,1) is an embedded free boundary
minimal surface in the ball of radius Rk. We may then rescale u to obtain a free boundary
minimal embedding of the Mo¨bius band into B4,
u˜ :=
1
Rk
u : [−Tk,1, Tk,1]× S1/ ∼ → B4.

4. Critical metrics on the annulus and Mo¨bius band
In this section we prove more generally that the critical metrics of the Steklov eigenvalues
among S1-invariant metrics on the Mo¨bius band are given by explicit embedded free bound-
ary minimal Mo¨bius bands in B4, using the analysis of the Steklov spectrum of S1-invariant
metrics on the Mo¨bius band from the previous section. Similarly, we show that the critical
metrics of the Steklov eigenvalues among S1-invariant metrics on the annulus are given by
explicit free boundary minimal annuli in B3 and B4, using the analysis of [FTY]. As a conse-
quence, we obtain new explicit families of free boundary minimal annuli and Mo¨bius bands
in B4. Although it is relatively clear in our specific context, we begin this section by giving
a precise definition of what we mean by ‘critical metric’.
It follows from the explicit analysis of the Steklov eigenvalues of S1-invariant metrics on
the annulus and Mo¨bius band ([FS1, Section 3], [FTY], [FS3, Section 7], and Section 3) that
the multiplicity of any Steklov eigenvalue of an S1-invariant metric is either 1, 2, or 3 for
the annulus, and either 2 or 4 for the Mo¨bius band. Moreover, the analysis shows that if
g(t) is a smooth family of S1-invariant metrics on M with g(0) = g, and m is the dimension
of the eigenspace Ek(g), then there are smooth functions Λ1(t), . . . ,Λm(t) such that Λi(t),
i = 1, . . . , m, is an eigenvalue of (M, g(t)), Λ1(0) = · · · = Λm(0) = σk(g), and there exist
δ > 0 and 1 ≤ p, q ≤ m such that
σk(g(t)) =
{
Λp(t) for t ∈ (−δ, 0)
Λq(t) for t ∈ (0, δ).
Furthermore, left and right hand derivatives of σk(t) exist at t = 0 and
σ˙k(0
−) = Λ˙p(0)
and
σ˙k(0
+) = Λ˙q(0).
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Definition 4.1. We say that an S1-invariant metric g on M (the annulus or Mo¨bius band)
is critical for the functional σk on the space of S
1-invariant metrics on M if for any smooth
family of metrics g(t) with g(0) = 0 with fixed boundary length, σ˙k(0
−) · σ˙k(0+) ≤ 0.
It is clear that if g is a locally maximizing or locally minimizing metric of σk on the space
of S1-invariant metrics, then g is a critical metric. It follows from the explicit analysis of
S1-invariant metrics on the annulus and Mo¨bius band that these are the only types of critical
metrics.
We first consider the case of the Mo¨bius band and prove Theorem 1.2.
Proof of Theorem 1.2. It follows from the proof of Lemma 3.7 that for each k ≥ 1 and
0 ≤ j ≤ s − 1, σ¯2k−1(T ) = σ¯2k(T ) has a local maximum of λ¯k−j(Tk−j,j+1) at T = Tk−j,j+1
and a local minimum of λ¯k−j−1(Tk−j−1,j+1) at T = Tk−j−1,j+1, and for k odd and j = s,
σ¯2k−1(T ) = σ¯2k(T ) has a local maximum of λ¯k−s(Tk−s,s+1) at T = Tk−s,s+1. Specifically, the
critical points of the normalized Steklov eigenvalues σ¯i(T ) are T = Tk,l for all k ≥ l, and the
critical values σ¯i(Tk,l) have multiplicity four with eigenspace spanned by

x(t, θ) = sinh((2l − 1)t) cos((2l − 1)θ)
y(t, θ) = sinh((2l − 1)t) sin((2l − 1)θ)
z(t, θ) = cosh(2kt) cos(2kθ)
w(t, θ) = cosh(2kt) sin(2kθ).
Consider u : [−Tk,l, Tk,l]× S1/ ∼ → R4 given by
u(t, θ) =
1
Rk,l
(2k x(t, θ), 2k y(t, θ), (2l− 1) z(t, θ), (2l − 1)w(t, θ))
where
Rk,l :=
√
4k2 sinh2((2l − 1)Tk,l) + (2l − 1)2 cosh2(2kTk,l).
As in the proof of Theorem 1.1, u is a free boundary minimal embedding of the Mo¨bius band
MTk,l into B
4. 
In a similar way, we are also able to characterize the critical metrics of the normalized
Steklov eigenvalues among S1-invariant metrics on the annulus, using the analysis of [FTY].
Theorem 4.2. The critical metrics of the normalized Steklov eigenvalues σ¯k for k ≥ 1 over
all S1-invariant metrics on the annulus are (up to σ-homothety) the induced metrics on:
(i) The critical n-catenoid given by the immersion u : [−t1,0/n, t1,0/n]× S1 → B3
u(t, θ) =
1
rn
(cosh(nt) cos(nθ), cosh(nt) sin(nθ), nt)
for n = 1, 2, . . ., where t1,0 is the unique positive solution of tanh t = 1/t and
rn =
√
cosh2(nt1,0) + t21,0.
(ii) The free boundary minimal annuli given by the immersions u : [−tm,n, tm,n]×S1 → B4
where u(t, θ) =
1
rm,n
(m sinh(nt) cos(nθ), m sinh(nt) sin(nθ), n cosh(mt) cos(mθ), n cosh(mt) sin(mθ))
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for any m, n ∈ N with m > n, where tm,n is the unique positive solution of m tanh(mt) =
n coth(nt) and
rm,n =
√
m2 sinh2(ntm,n) + n2 cosh
2(mtm,n).
Proof. The proof follows as in the proof of Theorem 1.2, using [FTY, Lemmas 2.4, 2.5, 2.6].
In the case of the annulus, the normalized Steklov eigenvalues of an S1-invariant metric g on
the annulus M depend not only on the conformal modulus T > 0 of the annulus, but also
on a parameter
β =
4α
(1 + α)2
,
where α is the ratio of the lengths of the two boundary components of the annulus (M, g).
We may assume α ≥ 1, in which case we have 0 < β ≤ 1 with β = 1 if and only if α = 1.
It follows from [FTY, Lemmas 2.4, 2.5] that the critical points (local maxima and minima)
of the normalized Steklov eigenvalues σ¯i(β, T ) among metrics with β fixed are T = tm,n(β)
(see [FTY, Definition 2.1]) for all m, n with m/n > α. However, by [FTY, Proof of Lemma
2.6(i)],
d
dβ
σ¯i(β, tm,n(β)) > 0.
Therefore the critical points of the normalized Steklov eigenvalues among all S1-invariant
metrics are the points (β, T ) with β = 1, T = tm,n(1) with m > n. For n = 0, the
corresponding critical value has multiplicity three with eigenspace spanned by

x(t, θ) = cosh(mt) cos(mθ)
y(t, θ) = cosh(mt) sin(mθ)
z(t, θ) = t.
For n ≥ 1, the corresponding critical value has multiplicity four with eigenspace spanned by

x(t, θ) = sinh(nt) cos(nθ)
y(t, θ) = sinh(nt) sin(nθ)
z(t, θ) = cosh(mt) cos(mθ)
w(t, θ) = cosh(mt) sin(mθ).
As in the proof of Theorem 1.1, we see that the critical metrics of the normalized Steklov
eigenvalues are achieved by the induced metrics from the free boundary minimal immersions
given in (i) and (ii), respectively, in the statement of the theorem. 
5. Classification of S1-invariant free boundary annuli and Mo¨bius bands
In this section we give an explicit classification of all S1-invariant free boundary minimal
annuli and Mo¨bius bands in Bn. Specifically, we show that the free boundary minimal annuli
in Theorem 4.2 and the free boundary minimal Mo¨bius bands of Theorem 1.2 are the only
S1-invariant free boundary minimal annuli and Mo¨bius bands in Bn. Here, we say that a
free boundary minimal annulus or Mo¨bius band is S1-invariant if the induced metric is S1-
invariant (in the sense discussed in section 3 and [FTY]). In order to give the classification,
we show that the induced metric on any S1-invariant free boundary annulus or Mo¨bius band
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in Bn is critical for some normalized Steklov eigenvalue on the space of S1-invariant metrics.
The result then follows from Theorem 1.2 and Theorem 4.2.
Let M be a compact surface with boundary, and let g(t) be a smooth family of metrics on
M with g˙(t) = h(t), where h(t) ∈ S2(M) is a smooth family of symmetric (0, 2)-tensor fields
on M . Denote by Ek(g(t)) the eigenspace corresponding to the k-th Steklov eigenvalue σk(t)
of (M, g(t)). In [FS2, Lemma 2.5] it is shown that σk(t) is a Lipschitz function of t, and if
σ˙k(t) exists, then
σ˙k(t) = Qh(u)
for any u ∈ Ek(g(t)) with ||u||L2 = 1, where
Qh(u) = −
∫
M
〈τ(u), h〉 dat − σk(t)
2
∫
∂M
u2h(T, T ) dst.
Here T is the unit tangent to ∂M for the metric g(t) and τ(u) denotes the stress-energy
tensor of u with respect to the metric g(t),
τ(u) = du⊗ du− 1
2
|∇u|2g.
For a family of metrics g(t) with fixed boundary length, the length constraint on the boundary
translates to ∫
∂M
h(T, T ) dst = 0.
We let S20(M, g) denote the space of smooth symmetric (0, 2)-tensor fields on M satisfying∫
∂M
h(T, T ) ds = 0, where T is the unit tangent vector to ∂M with respect to the metric g.
Lemma 5.1. Let g(t) be a smooth family of metrics on a compact surface M with boundary,
with g(0) = g. Suppose σ is a Steklov eigenvalue of (M, g) with multiplicity m. Let k1 <
· · · < km be such that σk1(g) = · · · = σkm(g) = σ, and let E(t) be the direct sum of the
eigenspaces corresponding to the distinct eigenvalues among σk1(g(t)), . . . , σkm(g(t)). Then
the L2-orthogonal projection
Pt : L
2(∂M, g(t))→ E(t)
is continuous at t = 0.
Proof. Since σk(g(t)) is a Lipschitz function of t for every k ≥ 1, first we note that for |t| < ǫ,
σk1(g(t)) > σk1−1(g(t)) and σkm(g(t)) < σkm+1(g(t)). Therefore, E(t) has dimension m for
|t| < ǫ. Let u1(t), . . . , um(t) be an orthonormal basis of E(t) with respect to L2(∂M, g(t)),
such that uj(t) is a Steklov eigenfunction with eigenvalue σkj(g(t)). Elliptic boundary esti-
mates give bounds on uj(t) up to ∂M that are independent of t. Hence for any sequence
ti → 0 there is a subsequence, which we continue to denote by ti, such that uj(ti) converges
in C2(M) to a Steklov eigenfunction uj of (M, g) with eigenvalue σkj (g) = σ (see [FS4, Proof
of Theorem 1.1] for details). It follows that u1, . . . , um is an orthonormal basis of E(0), and
if f(t) ∈ L2(∂M, g(t)) is a family of functions varying smoothly in t then
lim
i→∞
Pti(f(t)) =
m∑
k=1
(∫
∂M
f(ti) uk(ti)
)
uk(ti)
i→∞−→
m∑
k=1
(∫
∂M
f(0) uk
)
uk = P0(f(0)).

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Recall (see [FS1, Lemma 2.2]) that ifM is a compact surface with nonempty boundary and
u = (u1, . . . , un) : M → Bn is a proper branched immersion, then u(M) is a free boundary
minimal surface in Bn (i.e. u(M) is a minimal surface in Bn that meets ∂Bn orthogonally) if
and only if u1, . . . , un are Steklov eigenfunctions of (M, g) with eigenvalue 1, where g is the
induced metric; i.e. g = u∗(δ) where δ is the Euclidean metric on Bn.
In [FS2, Proof of Proposition 2.4] it was shown that if (M, g) is a Riemannian surface with
boundary such that the quadratic form Qh is indefinite on Ek(g), then there there are k-th
eigenfunctions u1, . . . , un, n ≥ 2, such that u = (u1, . . . , un) : M → Bn is a proper conformal
branched immersion, and hence u(M) is a free boundary minimal surface in Bn. Here we
prove a converse of this. This is an analog of [EI, Lemma 3.1].
Lemma 5.2. Let M be a compact surface with nonempty boundary, and suppose u =
(u1, . . . , uk) : M → Bn is a (possibly branched) free boundary minimal immersion. Then, for
all h ∈ S20(M, g), the quadratic form Qh is indefinite on Ek(g), where g = u∗(δ) and k is
such that σk(g) = 1 (i.e. u1, . . . , un are Steklov eigenfunctions with eigenvalue σk).
Proof. Since g = u∗(δ) =
∑n
i=1 dui ⊗ dui, |∇u|2 = 2 and
n∑
i=1
dui ⊗ dui − 1
2
|∇u|2g = 0.
Since u(∂M) ⊂ ∂Bn, we have ∑ni=1 u2i = 1. Therefore,
n∑
i=1
Qh(ui) = −σk(g)
2
∫
∂M
h(T, T ) ds = 0
if h ∈ S20(M, g). It follows that Qh is indefinite on Ek(g) for all h ∈ S20(M, g). 
Using Lemma 5.2 we now show that the induced metric on any S1-invariant free boundary
minimal annulus or Mo¨bius band is critical for some Steklov eigenvalue.
Proposition 5.3. Let M be the annulus or Mo¨bius band, and suppose u = (u1, . . . , uk) :
M → Bn is a free boundary branched minimal immersion such that g := u∗(δ) is S1-invariant.
Then g is critical for the σk functional on the space of S
1-invariant metrics on M , for some
k ≥ 1.
Proof. Since u = (u1, . . . , un) : M → Bn is a free boundary minimal immersion, u1, . . . , un
are Steklov eigenfunctions of (M, g) with eigenvalue 1. Suppose the eigenspace corresponding
to the eigenvalue 1 has mulitplicity m, and let k1 < · · · < km be such that σk1(g) = · · · =
σkm(g) = 1.
Let g(t) be a smooth family of S1-invariant metrics onM with fixed boundary length with
g(t) = g, and let h = g˙ ∈ S20(M, g). Then there are smooth functions Λ1(t), . . . ,Λm(t) such
that each Λi(t), i = 1, . . . , m, is an eigenvalue of (M, g(t)) and Λ1(0) = · · · = Λm(0) = 1.
Furthermore:
˙σk1(0
−) = max{Λ˙1(0), . . . Λ˙m(0)}
˙σk1(0
+) = min{Λ˙1(0), . . . Λ˙m(0)}
18 AILANA FRASER AND PAM SARGENT
and
σ˙km(0
+) = max{Λ˙1(0), . . . Λ˙m(0)}
σ˙km(0
−) = min{Λ˙1(0), . . . Λ˙m(0)}.
As in the proof of Lemma 5.1, let E(t) be the direct sum of eigenspaces corresponding
to the distinct eigenvalues among Λ1(t), . . . ,Λm(t). It follows from Lemma 5.2 that Qh is
indefinite on E(0). Therefore, there exists u ∈ E(0) such that Qh(u) = 0. Let u(t) ∈ E(t)
be a family of functions varying smoothly in t such that limt→0 u(t) = u. Then u(t) =
a1(t)u1(t)+· · ·+am(t)us(t) where u1(t), . . . , us(t) are eigenfunctions corresponding to distinct
eigenvalues among Λ1(t), . . . ,Λm(t) with ‖uj(t)‖L2(∂M,g(t)) = 1 and aj(t) ∈ R for j = 1, . . . , s.
It follows from Lemma 5.1 that Qh is continuous on E(t) at t = 0, and so
0 = Qh(u) = lim
t→0+
Qh(u(t))
= lim
t→0+
(
a1(t)
2Qh(u1(t)) + · · ·+ as(t)2Qh(us(t))
)
= lim
t→0+
(a1(t)
2σ˙ki1 (t) + · · ·+ as(t)2σ˙kis (t))
= a1(0)
2σ˙ki1 (0
+) + · · ·+ as(0)2σ˙kis (0+)
for some 1 ≤ i1 < · · · < is ≤ m, and we must have σ˙k1(0+) ≤ 0 and σ˙km(0+) ≥ 0. Similarly,
we must have σ˙k1(0
−) ≥ 0 and σ˙km(0−) ≤ 0. Therefore, g is a critical metric of both σk1 and
σkm on the space of S
1-invariant metrics on M . 
Combining Proposition 5.3 and Theorems 1.2 and 4.2, we obtain a classification of all
S1-invariant free boundary annuli and Mo¨bius bands in Bn.
Theorem 1.3. The only S1-invariant free boundary minimal annuli and Mo¨bius bands in
Bn are those given explicitly in Theorem 1.2 and Theorem 4.2.
References
[D] M. E. de Oliveira, Some new examples of nonorientable minimal surfaces, Proc. Am. Math. Soc. 98
(1986) 629–636.
[EI] A. El Soufi, S. Ilias, Laplacian eigenvalue functionals and metric deformations on compact manifolds,
J. Geom. Phys. 58 (2008), no.1, 89–104.
[FPZ] A. Folha, F. Pacard, T. Zolotareva, Free boundary minimal surfaces in the unit 3-ball, Manuscripta
Math. 154 (2017), no. 3-4, 359–409.
[FTY] X.-Q. Fan, L.F. Tam and G. Yu, Extremal problems for Steklov eigenvalues on annuli, Calc. Var.
Partial Differential Equations 54 (2015), no. 1, 1043-1059.
[FS1] A. Fraser, R. Schoen, The first Steklov eigenvalue, conformal geometry, and minimal surfaces, Adv.
Math. 226 (2011), no. 5, 4011–4030.
[FS2] A. Fraser, R. Schoen, Minimal surfaces and eigenvalue problems, Geometric analysis, mathematical
relativity, and nonlinear partial differential equations, 105–121, Contemp. Math., 599, Amer. Math.
Soc., Providence, RI, 2013.
[FS3] A. Fraser, R. Schoen, Sharp eigenvalue bounds and minimal surfaces in the ball, Invent. Math. 203
(2016), no. 3, 823–890.
[FS4] A. Fraser, R. Schoen, Some results on higher eigenvalue optimization, arXiv:1910..
[GP] A. Girouard, I. Polterovich, On the Hersch-Payne-Schiffer estimates for the eigenvalues of the
Steklov problem, Funct. Anal. Appl. 44 (2010), no. 2, 106–117.
S
1
-INVARIANT FREE BOUNDARY MINIMAL ANNULI AND MO¨BIUS BANDS IN B
n
19
[H] J. Hersch, Quatre proprie´te´s isope´rime´triqes de membranes sphe´riques homoge`nes, C.R. Acad. Sci.
Paris Se´r. A-B 270 (1970), A1645–A1648.
[HPS] J. Hersch, L. E. Payne, M. M. Schiffer, Some inequalities for Stekloff eigenvalues, Arch. Rational
Mech. Anal. 57 (1975), 99–114.
[KL] N. Kapouleas, M. Li, Free boundary minimal surfaces in the unit three-ball via desingularization
of the critical catenoid and the equatorial disk, arXiv:1709.08556.
[KW] N. Kapouleas, D. Wiygul, Free-boundary minimal surfaces with connected boundary in the 3-ball
by tripling the equatorial disc, arXiv:1711.00818.
[Ka] M. Karpukhin, Index of minimal spheres and isoperimetric eigenvalue inequalities,
arXiv:1905.03174.
[KNPP] M. Karpukhin, N. Nadirashvili, A. Penskoi , I. Polterovich, An isoperimetric inequality for Laplace
eigenvalues on the sphere, arXiv:1706.05713.
[Ke] D. Ketover, Free boundary minimal surfaces of unbounded genus, arXiv:1612.08691.
[M] P. Mira, Complete minimal Mo¨bius strips in Rn and the Bjo¨rling problem, J. Geom. Phys. 56
(2006), no. 9, 1506–1515.
[N] N. Nadirashvili, Isoperimetric inequality for the second eigenvalue of a sphere, J. Differential Geom.,
61:2 (2002), 335–340.
[NS] N. Nadirashvili, Y. Sire, Isoperimetric inequality for the third eigenvalue of the Laplace-Beltrami
operator on S2, J. Differential Geometry, 107:3 (2017), 561–571.
[P] R. Petrides, Maximization of the second conformal eigenvalue of spheres, Proc. Amer. Math. Soc.,
142:7 (2014), 2385–2394.
[Sz] G. Szego¨, Inequalities for certain eigenvalues of a membrane of given area, J. Rational Mech. Anal.
3 (1954), 343-356.
[W] R. Weinstock, Inequalities for a classical eigenvalue problem, J. Rational Mech. Anal. 3 (1954),
745–753.
Department of Mathematics, University of British Columbia, Vancouver, BC V6T 1Z2
E-mail address : afraser@math.ubc.ca
Department of Mathematics, Yale University, New Haven, CT 06511
E-mail address : pamela.sargent@yale.edu
